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Abstract. In the paper, after reviewing the history, background, origin, and 
apphcations of the functions ^ and ° i_e-f — ' establish sufficient and 

at_j3t 

necessary conditions such that the special function ^j-^ — are monotonic, 
logarithmic convex, logarithmic concave, 3-log-convex and 3-log-concave on R, 
where a, /3, A and fi arc real numbers satisfying [a, 0) 7^ (A, /j), [a, 0) 7^ (/j. A), 
ct^fi and A 7^ /i. 



1. Introduction 

Recall [42, 43] that a /c-times differentiable function /(t) > is said to be fc-log- 
convex on an interval / if 

< [In/lt)]^^) < C50, fcsN (1) 

on /; If the inequality (1) reverses then / is said to be fc-log-concave on 1. 
For 6 > a > 0, let 

f b* - a* 

GaAi) = \ * ^ °' (2) 

In 6 -In a, t = 0. 



In [47, 48], the complete monotonicity and inequality properties of Ga,b{t) were 
first investigated. In [9, 29, 37, 38], the 3-log-convex and 3-log-concave properties 
of Ga,b{t) were shown. The function Ga,b{t) has close relationships with the incom- 
plete gamma function [20, 26, 27]. It was ever used to prove the Schur-convex prop- 
erties [20, 26, 38], the logarithmic convexities [3, 4, 23, 24, 29, 38], the monotonic- 
ity [44, 49] of the extended mean values. It was apphed in [7, 30, 31, 32, 35, 36] to 
construct Steffensen pairs. It was also employed in [41] to verify Elezovic-Giordano- 
Pecaric's theorem [6, Theorem 1] which is related to the monotonicity of a function 
involving the ratio of two gamma functions. For more information, please refer 
to [1, 27] and closely-related references therein. 
For 6 > a > 0, let 

pbt _ pat ' * ^ 0' 
FaAt)-{\ ' (3) 

ll ' ^ = 0- 

\ — a 

In [2, 8, 14, 19, 50, 51, 52], [5, p. 217] and [13, p. 295], the inequalities, monotonicity 
and logarithmic convexities of the function Fa,b{t) for a = 6 — 1 and its logarithmic 
derivatives of the first and second orders are established. In [14], the history, 
background and origin olFa,b{t) for a = b—l and its first two logarithmic derivatives 
were cultivated. In [12, 45, 46], the logarithmic derivative of Fa^b{t) for a = b—1 was 
applied to study the complete monotonicity of remainders of the first Binet formula 
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and the psi function. In [10, 15, 16, 17, 34], the function Fina,inb{t) was utihzed 
to generahze Bernoulh numbers and polynomials. In [9, 37], the 3-log-convex and 
3- log-concave properties of Fa,b{t) were shown, among other things. 

For real numbers a and (3 satisfying a ^ (3, [a, (3) ^ (0, 1) and [a, (3) ^ (1,0), 

let 

-/3t 



e 



Qo.At)={ l-e-* ' (4) 
/3-a, t = 0. 

In [11, 25, 28, 41], the monotonicity and logarithmic convexities of Qa.pit) were 
discussed and the following conclusions were procured: 

(1) The function Qa,p{t) is increasing on (0, oo) if and only if (/?— a)(l— a— /?) > 
and {(3 - a){\a - /3| - a - /3) > 0; 

(2) The function Qa,p{t) is decreasing on (0, oo) if and only if (/3 — a)(l — a — 
P) <0 and (/3 - a){\a - /3| - a - /?) < 0; 

(3) The function Qa,i3{t) is increasing on (— oo, 0) if and only if (/3 — a)(l — a — 
/3) > and (/3 - a)(2 - \a - (3\ - a ~ f3) > 0; 

(4) The function Qa,p{t) is decreasing on (— oo,0) if and only if {(3 — a){\ — 
a - /3) < and (/3 - a)(2 - \a - (3\ - a - (3) < Q\ 

(5) The function Qa,0it) is increasing on (— oo, oo) if and only if (/3 — a){\a — 
/?| - a - /3) > and (/3 - a)(2 - |a - /3| - a - /3) > 0; 

(6) The function Qa,p{t) is decreasing on (— oo, oo) if and only if (/3 — a){\a — 
/3| - a - /3) < and (/3 - a)(2 - |a - /3| - a - /3) < 0; 

(7) The function Qa,fj{i) on (—00,00) is logarithmically convex if /? — a > 1 
and logarithmically concave ifO</3 — a<l; 

(8) If 1 > /? — a > 0, then Qa,i3{t) is 3-log-convex on (0, 00) and 3-log-concave 
on (—00,0); if /3 — a > 1, then Qa.p{t) is 3-log-concave on (0, 00) and 
3-log-convex on (— oo,0). 

The monotonicity of Qa,p{t) on (0, 00) was applied in [11, 18, 39, 40] to present 
necessary and sufficient conditions such that some functions involving ratios of the 
gamma and g-gamma functions are logarithmically completely monotonic. The log- 
arithmic convexities of Qa.p{t) on (0, 00) was used in [33, 41] to supply alternative 
proofs for Elezovic-Giordano-Pccaric's theorem. For detailed information, please 
refer to [21, 22] and related references therein. 

The functions Ga.b{t), Fa.b{t) and Qa.pit) have the following relations: 

Ga,b[t) = ^ Fa,b{t) ^ 



a, In h 

For real numbers a,/?, A and ^ satisfying {a, f3) ^ (A,yLt), (a,/3) ^ (/^,A), a ^ (3 
and A 7^ /i, let 

i^O, 

i?o,,;A,,(i) = <! f_-f (6) 
A — /.i ' 

For positive numbers r, s, m and v satisfying (r, s) ^ (u, v), (r, s) 7^ (w, u), r ^ s and 
u V, let 
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It is clear that 



^'e=.e";e\ef (0 and 



In addition, the functions Ha.f3-x,n{t) and P, 
Ga.b{t), Fa.bi^) and Qa.i3{t) as foUows: 



Pr,s:u.v{^^ — -^In r,lii s;ln u.ln V (0 • (S) 

v{t) can be represented as ratios of 



H. 



it) 



Fx At) „ 

FaAt) Q- 



and Pr 



,it) 



Gr.s (t) 



(9) 





{a 


"/?)(«- 


h/3- 


A - 






B = 


{a 


~f3)ia- 




\a 




-2A), 


C = 


{a 


-/3)(a- 


h/3 + 


\a 


-P\ 


- 2A), 


V = 


(a 




h/3 + 


\a 




-2m), 


£ = 


{a 


-/3)(a- 




\a 




-2m). 



-X. — fi Gujvit) 

Since the functions Ga,b{t), Fa^tit) and Qa,p{t) have a long history, a deep back- 
ground and many applications to several areas, so we continue to study the mono- 
tonicity and logarithmic convexities of their ratios, Ha^p-^x,ti{t) and Pr,s;u,v{t)- 

Our main results may be stated as follows. 

Theorem 1. For real numbers A and fi with {a, [3) 7^ (-^i m); {(^A) ifJ-i^)? 
a ^ (3 and \^ [i, let 

(10) 

(11) 
(12) 

(13) 
(14) 

Then the junction Ha^p-x,fj,it) has the following properties: 

(1) The function Ha^f3-\.^{t) is increasing on (0, oo) if and only if either X > fi, 
A>0andC>6orX<^j.,A<0andB<0. 

(2) The function i?o!,/3;A,/j(i) is decreasing on (0, oo) if and only if either X < fi, 
A> and B > 6 or X > ^i, A < and C < 0. 

(3) The function Ha^p;x,ii{t) increasing on (— oo, 0) if and only if either A > 
jji, A>Q and £ > o'or X < pi, A<0 andV <Q. 

(4) The function FIa,|3■.x,^l{t) is decreasing on (— oo,0) if and only if either A > 
y., A<0 and £ <0 or X < ^l, A>Q andV>Q. 

(5) The function Ha^[}-x.f_i{t) is increasing on (—00,00) if and only if either 
X > fi, C > and £ > or X < fi, B < and V < 0. 

(6) The function Ha^f3-x,fi(t) is decreasing on (—00,00) if and only if either 
X> n, C <Q and £ <0 or X< 11, B>0 andV>Q. 

(7) The function Ha.p:X,n(t) on (—00,00) is logarithmically convex if > 1 

or logarithmically concave if < < 1 . 

(8) The function Ha^p-x.fj,it) is '^-log-convex on (0, 00) and i-log- concave on 
(—00, 0) if either X — fi>a~f3>0 ora — (3<X~fi<0; The function 
Ha,i3-x,n{t) is i-log- concave on (0, 00) and 3-log-convex on (—00, 0) if either 
a- I3> X- pL>Q orX-^i<a-P<0. 

Theorem 2. For positive numbers r,s,u and v with (r, s) 7^ (u,v), (r, s) ^ iv,u), 
r ^ s and u 7^ v, let 



21 



In^ln^, 
uv s 



03 



3 = ( In ^ 



rs 
m — 









In'- 






s 







In^, 



6: = In — 



rs 
In — 



In'- 







In'- 


)'»; 


s 




r 




s 





Then the function Pr,s:u.v(t) has the following properties: 

(1) The function Pr.s:u,vit) is increasing on (0, 00) if and only if either u > v, 
21 > and £ > or u < 21 < and 03 < 0. 
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(2) The function Pr.s:u,vit) is decreasing on (0, oo) if and only if either u < v, 
2t > and <B > or w > a < and £ < 0. 

(3) The function Pr,s;u.v{t) is increasing on (— oo, 0) if and only i/u > w, 2t > 
and (£ > 0, or it < w, 21 < and D < 0. 

(4) The function Pr,s-u.v{t) is decreasing on (— oo, 0) if and only if either u > v, 
21 < and (£ < b or u < w, a > and D > 0. 

(5) The function Pr.s;u.v{t) is increasing on (— oo, oo) if and only if either u > v, 
£ > and (£ > 6 or It < <B < and D < 0. 

(6) The function Pr,s;u,v{t) is decreasing on (— oo, oo) if and only if either u > 
V, € < and (b '< 6 or u < V, > and D > 0. 



(7) The function Pr.s:u,v{t) on (— oo, oo) is logarithmically convex if 



or logarithmically concave if < i^^^J/y 



ln(r/s) 
) 



ln(r/ s) 

) 



> 1 



< 1. 



(8) The function Pr,s:u.v{i) is 3-log-convex on (0, oo) and 3-log-concave on 
(-00,0) i/ f > f > 1 or f < ^ < 1; r/ie function Pr^^.uA^) 3-/off- 
concave on (0, oo) and 3-log-convex on (— oo, O)i/^>^>lor^<-j<l. 

Remark 1. The monotonicity of the functions Ha^f3-\^fi,{t) and Pr,s-u,v{i) can be 
described by Table 1. 

Remark 2. In [28, Remark 2.1] it was remarked that the function Qcpit) can not 
be either 4-log-convex or 4-log-concave in either (— oo,0) or (0,oo), saying nothing 
of (—00,00). Therefore, neither i?c(,/3;A,/i(i) nor Pr,s;u,v{t) is either 4-log-convex or 
4-log-concavc on cither (—00, 0) or (0, 00), saying nothing of (—00, 00). 



2. Proofs of theorems 
Proof of Theorem 1. For t ^ 0, the function Ha.p:\^^(t) can rewritten as 

e (I- a' 



Ha.l3-\,fi{t) = 



where 



g(Q-A)t _ g(/3-A)t 

1 — e'^"-^)* 
a — A 



e ''"^ 



e-^"" - e- 



1 -e- 



1 - e- 



A 



B 



(3-X 



w = (A — ii)t. 



/i — A /i — A 

Differentiating with respect to t yields 



[lni/a,/3;A,M(i)]" 



H' 



it) 



dt 



'■A.B 



(w) 



i,s(w) 



and 



= {\- iif[\i^QAMw)]" 



= iX-tif[lnQA.Biw)]'' 



(15) 
(16) 
(17) 



(18) 



By virtue of [25, Theorem 2] (see also [11, Theorem 3.1] and [41, Lemma 1]) and 
the second order derivative (17), it is easy to deduce that the function Ha.[3-x,nit) 
is logarithmically convex if > 1 and logarithmically concave if < < ^ 
on (—00, 00). 

By virtue of [28, Theorem 1.1] and the third order derivative (18), it is not 
difficult to obtain that 

(1) if A > ;U and 1 > > 0, then i^a,^;A,^(i) is 3-log-convex on (0, 00) and 
3-log-concave on (—00, 0); 



Table 1. Monotoncity of the functions Hajj:\.^j.{t) and Pr.s:u.v{t) ffi 



Intervals 


Monotonicities 


A or 21 


B or <B 


C or £ 


V or D 


£ or € 


A and /.t or u and v 


(0,^) 


increasing 


> 




> 






X > fi or u > V 


(0,^) 


increasing 


< 


< 








X < fi or u < V 


(0,^) 


decreasing 


> 


> 








X < fl OT U < V 


(0,oo) 


decreasing 


< 




< 






X > jl OT U > V 


(-«),0) 


increasing 


> 








> 


X > ^ or u > V 


(-«),0) 


increasing 


< 






< 




X < fl or u < V 


(-00,0) 


decreasing 


< 








< 


X > fl OT U > V 


(-00,0) 


decreasing 


> 






> 




X < fl or u < V 


(— oo, oo) 


increasing 






> 




> 


X > fl or u > V 


(— oo, oo) 


increasing 




< 




< 




X < fl or u < V 


(— oo, oo) 


decreasing 






< 




< 


X > fl OT U > V 


(— oo, oo) 


decreasing 




> 




> 




X < fl OT U < V 
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(2) if A > ^ and > 1, then i?Q,/3;A,^(0 is 3-log-concave on (0, oo) and 
3-log-convex on (— cx),0); 

(3) if X < ^ and 1 > > 0, then Ha.p-x^^it) is 3-log-concave on (0,oo) and 
3-log-convex on (— cx),0); 

(4) if A < /X and > 1, then Ha.[i-x,^{t) is 3-log-convex on (0,cx)) and 
3-log-concave on (— oo, 0). 

Direct computation gives 



{B-A){\- A-B) = 
{B ^ A){\A- B\- A- B) = 

{B - A){2-\A- B\- A- B) = 



A 



(A-/.)2^ 
B 



(A 






C 


(A 






V 


(A 






£ 


(A 





A < 

A > 

A < ^, 
A > ^. 



Consequently, utilization of [11, Theorem 2.3], [25, Corallary 1] and the first order 
derivative (16) yields the following conclusions: 

(1) The function Ha,i3:X.fi{t) is increasing on (0, oo) if and only if X > fi, A > 
and C > 0; The function Ha.f3-\^fi{t) is decreasing on (0, oo) if and only if 
A < Ai, ^ > and 6 > 0. 

(2) The function Ha.f3-\,fi{t) is decreasing on (0, oo) if and only if X > fi, A < 
and C < 0; The function Ha,f3;\^^j,{t) is increasing on (0, oo) if and only if 
A < ^ < and B < 0. 

(3) The function i?a,/3:A,/j(i) is increasing on (— oo,0) if and only if A > /i, 
^ > and £ >Q] The function Ha^p-x^fj_{t) is decreasing on (— oo,0) if and 
only if A < /X, ^ > and 2? > 0. 

(4) The function Ha^i3:x.^{t) is decreasing on (— oo,0) if and only if A > /i, 
^ < and f < 0; The function Ha.p-\,i_i{t) is increasing on (— oo,0) if and 
only if A < At, ^ < and P < 0. 

(5) The function i?a,^;A./j(i) is increasing on (—00,00) if and only if A > /i, 
C > and £ > 0; The function Ha.p-x^^iit) is decreasing on (—00, 00) if and 
only if A < At, i3 > and P > 0. 

(6) The function Ha^p:x^^{t) is decreasing on (—00,00) if and only if A > a^, 
C < and £ <0. The function Ha,p-x^p,(t) is increasing on (—00, 00) if and 
only if A < At, S < and 2? < 0. 

The proof of Theorem 1 is complete. □ 

Proof of Theorem 2. This follows directly from the combination of Theorem 1 with 
equations in (8). Theorem 2 is proved. □ 



References 

[1] P. S. BuUen, Handbook of Means and Their Inequalities, Mathematics and its Applications 

(Dordrecht) 560, Kluwer Academic Pubhshers, Dordrecht, 2003. 
[2] Ch.-P. Chen and F. Qi, Best constant in an inequality connected with exponential functions, 

Octogon Math. Mag. 12 (2004), no. 2, 736-737. 
[3] W.-S. Cheung and F. Qi, Logarithmic convexity of the one- parameter mean values, RGMIA 

Res. Rep. Coll. 7 (2004), no. 2, Art. 15, 331-342; Available online at http://www.staff.vu. 

edu . au/ rgmi a/ v7n2 .asp. 



THE FUNCTION (h^ - a^)/x: RATIO'S PROPERTIES 



7 



[4] W.-S. Cheung and F. Qi, Logarithmic convexity of the one-parameter mean values, Taiwanese 

J. Math. 11 (2007), no. 1, 231-237. 
[5] P. N. de Souza and J.-N. Silva, Berkeley Problems in Mathematics, 2nd cd., Problem Books 

in Mathematics, Springer, New York, 2001. 
[6] N. Elezovic, C. Giordano and J. Pecaric, The best bounds in Gautschi's inequality. Math. 

Inequal. Appl. 3 (2000), 239-252. 
[7] H. Gauchman, Stejjensen pairs and associated inequalities, J. Inequal. Appl. 5 (2000), no. 1, 

53-61. 

[8] B.-N. Guo, A.-Q. Liu and F. Qi, Monotonicity and logarithmic convexity of three functions 
involving exponential function, J. Korea Soc. Math. Educ. Ser. B Pure Appl. Math. 15 (2008), 
no. 4, 387-392. 

[9] B.-N. Guo and F. Qi, A simple proof of logarithmic convexity of extended mean val- 
ues, Numer. Algorithms (2009), in press; Available online at http://dx.doi.org/10.1007/ 
S11075-008-9259-7. 

[10] B.-N. Guo and F. Qi, Generalization of Bernoulli polynomials, Internat. J. Math. Ed. Sci. 
Tech. 33 (2002), no. 3, 428-431. 

[11] B.-N. Guo and F. Qi, Properties and applications of a function involving exponential func- 
tions, Commun. Pure Appl. Anal. 8 (2009), no. 4, 1231-1249. 

[12] S. Guo and F. Qi, A class of completely monotonic functions related to the remainder of 
Binet's formula with applications, Tamsui Oxf. J. Math. Sci. 25 (2009), no. 1, in press. 

[13] J.-Ch. Kuang, Chdngydng Budengshi {Applied Inequalities), 3rd ed., Shandong Science and 
Technology Press, Ji'nan City, Shandong Province, China, 2004. (Chinese) 

[14] A.-Q. Liu, G.-F. Li, B.-N. Guo and F. Qi, Monotonicity and logarithmic concavity of two 
functions involving exponential function, Internat. J. Math. Ed. Sci. Tech. 39 (2008), no. 5, 
686-691. 

[15] Q.-M. Luo, B.-N. Guo and F. Qi, Generalizations of Bernoulli's numbers and polynomials, 

RGMIA Res. Rep. Coll. 5 (2002), no. 2, Art. 12, 353-359; Available onUnc at http://www. 

staff . vu. edu. au/rgniia/v5n2 . asp. 
[16] Q.-M. Luo, B.-N. Guo, F. Qi, and L. Debnath, Generalizations of Bernoulli numbers and 

polynomials, Internat. J. Math. Math. Sci. 2003 (2003), no. 59, 3769-3776. 
[17] Q.-M. Luo and F. Qi, Relationships between generalized Bernoulli numbers and polynomials 

and generalized Euler numbers and polynomials. Adv. Stud. Contemp. Math. (Kyungshang) 

7 (2003), no. 1, 11-18. 

[18] F. Qi, A class of logarithmically completely monotonic functions and the best bounds in the 
first Kershaw's double inequality, J. Comput. Appl. Math. 206 (2007), no. 2, 1007-1014. 

[19] F. Qi, A monotonicity result of a function involving the exponential function and an ap- 
plication, RGMIA Res. Rep. Coll. 7 (2004), no. 3, Art. 16, 507-509; Available online at 
http : //www. staff . vu. edu. au/rgmia/vTnS . asp. 

[20] F. Qi, A note on Schur-convexity of extended mean values. Rocky Mountain J. Math. 35 
(2005), no. 5, 1787-1793. 

[21] F. Qi, Bounds for the ratio of two gamma functions — From Wendel's and related inequalities 
to logarithmically completely monotonic functions. Available online at http : // arxiv . org/ 
abs/0904.1048. 

[22] F. Qi, Bounds for the ratio of two gamma functions — From Wendel's limit to Elezovic- 
Giordano-Pecaric's theorem. Available online at http://arxiv.org/abs/0902.2514. 

[23] F. Qi, Logarithmic convexity of extended mean values, Proc. Amer. Math. Soc. 130 (2002), 
no. 6, 1787-1796. 

[24] F. Qi, Logarithmic convexities of the extended mean values, RGMIA Res. Rep. Coll. 2 (1999), 
no. 5, Art. 5, 643—652; Available online at http://www.staff.vu.edu.au/rgmia/v2n5.asp. 

[25] F. Qi, Monotonicity and logarithmic convexity for a class of elementary functions involving 
the exponential function, RGMIA Res. Rep. Coll. 9 (2006), no. 3, Art. 3; Available online at 
http : //www. staff . vu. edu . au/rg!nia/v9n3 . asp. 

[26] F. Qi, Schur-convexity of the extended mean values, RGMIA Res. Rep. Coll. 4 (2001), no. 4, 
Art. 4, 529—533; Available online at http://www.staff.vu.edu.au/rgniia/v4n4.asp. 

[27] F. Qi, The extended mean values: Definition, properties, monotonicities, comparison, con- 
vexities, generalizations, and applications, Cubo Mat. Educ. 5 (2003), no. 3, 63-90. 

[28] F. Qi, Three-log-convexity for a class of elementary functions involving exponential function, 
J. Math. Anal. Approx. Theory 1 (2006), no. 2, 100-103. 

[29] F. Qi, P. Cerone, S. S. Dragomir and H. M. Srivastava, Alternative proofs for monotonic and 
logarithmically convex properties of one-parameter mean values, Appl. Math. Comput. 208 
(2009), no. 1, 129-133; Available online at http : //dx . doi . org/10 . 1016/j . amc . 2008 . 11 . 023. 

[30] F. Qi and J.-X. Cheng, New Steffensen pairs, RGMIA Res. Rep. Coll. 3 (2000), no. 3, Art. 11, 
431-436; Available online at http://www.staff.vu.edu.au/rgmia/v3n3.asp. 



8 



B.-N. GUO AND F. QI 



[31] F. Qi and J.-X. Cheng, Some new Steffensen pairs, Anal. Math. 29 (2003), no. 3, 219-226. 
[32] F. Qi, J.-X. Cheng and G. Wang, New Steffensen pairs, InequaUty Theory and AppUcations, 

Volume 1, 273-279, Nova Science Publishers, Huntington, NY, 2001. 
[33] F. Qi and B.-N. Guo, An alternative proof of Elezovic-Giordano-Pecaric's theorem. Available 

online at http://arxiv.org/abs/0903.1174. 
[34] F. Qi and B.-N. Guo, Generalisation of Bernoulli polynomials, RGMIA Res. Rep. Coll. 4 

(2001), no. 4, Art. 10, 691-695; Available online at http://www.staff.vu.edu.au/rgmia/ 

v4n4 . asp. 

[35] F. Qi and B.-N. Guo, On Steffensen pairs, J. Math. Anal. Appl. 271 (2002), no. 2, 534-541. 
[36] F. Qi and B.-N. Guo, On Steffensen pairs, RGMIA Res. Rep. Coll. 3 (2000), no. 3, Art. 10, 

425-430; Available online at http://www.staff.vu.edu.au/rgmia/v3n3.asp. 
[37] F. Qi and B.-N. Guo, The function (b^ — a^)/x: Logarithmic convexity, RGMIA Res. Rep. 

Coll. 11 (2008), no. 1, Art. 5; Available online at http://www.staff.vu.edu.au/rgmia/ 

vllnl . asp. 

[38] F. Qi and B.-N. Guo, The function {b^ — a^)/x: Logarithmic convexity and applications to 

extended mean values. Available online at http://arxiv.org/abs/0903.1203. 
[39] F. Qi and B.-N. Guo, Wendel's and Gautschi's inequalities: Refinements, extensions, and a 

class of logarithmically completely monotonic functions, Appl. Math. Comput. 205 (2008), 

no. 1, 281-290; Available online at http://dx.doi.Org/10.1016/j.amc.2008.07.005. 
[40] F. Qi and B.-N. Guo, Wendel-Gautschi-Kershaw's inequalities and sufficient and necessary 

conditions that a class of functions involving ratio of gamma functions are logarithmically 

completely monotonic, RGMIA Res. Rep. Coll. 10 (2007), no. 1, Art. 2; Available online at 

http : //www. staff . vu.edu . au/rgmia/vlOnl . asp. 
[41] F. Qi, B.-N. Guo and Ch.-P. Chen, The best bounds in Gautschi- Kershaw inequalities. Math. 

Inequal. Appl. 9 (2006), no. 3, 427-436. 
[42] F. Qi, S. Guo and B.-N. Guo, A class of k-log-convex functions and their applications to 

some special functions, RGMIA Res. Rep. Coll. 10 (2007), no. 1, Art. 21; Available online 

at http : //www. staff . vu . edu . au/rgmia/vlOnI . asp. 
[43] F. Qi, S. Guo, B.-N. Guo and Sh.-X. Chen, A class of k-log-convex functions and their 

applications to some special functions, Integral Transforms Spec. Funct. 19 (2008), no. 3, 

195-200. 

[44] F. Qi and Q.-M. Luo, A simple proof of monotonicity for extended mean values, J. Math. 

Anal. Appl. 224 (1998), no. 2, 356-359. 
[45] F. Qi, D.-W. Niu and B.-N. Guo, Monotonic properties of differences for remainders of psi 

function. Internal. J. Pure Appl. Math. Sci. 4 (2007), no. 1, ???-???. 
[46] F. Qi, D.-W. Niu and B.-N. Guo, Monotonic properties of differences for remainders of psi 

function, RGMIA Res. Rep. Coll. 8 (2005), no. 4, Art. 16, 683-690; Available online at 

http : //www. staff . vu. edu . au/rgmia/v8n4 . asp. 
[47] F. Qi and S.-L. Xu, Refinements and extensions of an inequality, II, J. Math. Anal. Appl. 

211 (1997), no. 2, 616-620. 
[48] F. Qi and S.-L. Xu, The function (b^ —a^)/x: Inequalities and properties, Pioc. Amcr. Wlath. 

Soc. 126 (1998), no. 11, 3355-3359. 
[49] F. Qi, S.-L. Xu and L. Dcbnath, A new proof of monotonicity for extended mean values, 

Intcrnat. J. Math. Math. Sci. 22 (1999), no. 2, 415-420. 
[50] Y.-D. Wu and Zh.-H. Zhang, The best constant for an inequality, Octogon Math. Mag. 12 

(2004), no. 1, 139-141. 

[51] Y.-D. Wu and Zh.-H. Zhang, The best constant for an inequality, RGMIA Res. Rep. Coll. 7 
(2004), no. 1, Art. 19; Available online at http://www.staff.vu.edu.au/rgmia/v7iil.asp. 

[52] Sh.-Q. Zhang, B.-N. Guo and F. Qi, A concise proof for properties of three functions involving 
the exponential function, Appl. Math. E-Notes 9 (2009), in press. 

(B.-N. Guo) School of Mathematics and Informatics, Henan Polytechnic University, 
JiAOzuo City, Henan Province, 454010, China 

E-mail address: bai .ni . guoOgmail . com, bai.ni.guoahotmail.com 

(F. Qi) Research Institute of Mathematical Inequality Theory, Henan Polytechnic 
University, Jiaozuo City, Henan Province, 454010, China 

E-mail address: qif eng618{Sgmail . com, qifeng618ahotmail.com, qifeng618aqq.com 
URL: http: //qif eng618 . spaces . live . com 



